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Abstract The pair of matriceA™ andB" are calledanalysis fil-

Haar wavelets have been widely used in Biometrics. Onetersand the process of splitting a sigr@f into C*~* and
advantage of Haar wavelets is the simplicity and the local- D™~ is calleddecomposition

ity of their decomposition and reconstruction filters. How-  Recovering the original signal™ is calledreconstruc-
ever, Haar wavelets are not satisfactory for some applica-tion. It involves refinement of the low-resolution sample
tions due to their non-continuous behaviour. Having a par- C"~! and detailsD" ! using thesynthesis filter®" and
ticular level of smoothness is important for many applica- Q™, which basically reverse the operations&ff andB™:
tions. B-spline wavelets are capable of being applied to sig- . 1 1

nals and functions of any smoothness. However, the con- ¢t =PrC" + QD" @)

ventional B-spline wavelets results "non-local” decomposi- gy ch a decomposition and reconstruction corresponds to

tion filters and consequently, they are not efficient as are thegyme underlying function spacg®—! ¢ V" whereinC™

Haar wavelets. _ defines some function = ", ¢'¢P in the large space,
We present our recently developed local filters of B- ~n—1 gefines an approximatiof—1 = 3> " 1" 1o

spline wavelets. Here, we focus on quadratic case that guary, ot function in the smaller space, apd ée;inesjthe dif-

anteeg c.)ncefdlfferentlablg smooth.ness. Practical issues fo erenced”! = 3, d’~'¢"~! in the complement space

the efficient implementation are discussed. We show that

how th ting fil b lied ) ym\ V=1 The basis functiong”~! are conventionally
ag\év;urefaf:: ting filters can be applied to curves, IMages ;o4 waveletsand theg are calledscale functionssince

the ¢™ are frequently scaled and shifted versions of the
Key words: subdivision, reverse subdivision, wavelets, mul-¢" "

tiresolution, B-splines, Haar. For an efficient representation, the following properties
are desired:

1 Introduction

Wavelets and multiresolution have many applications re-
lated to the Biometric area such as data compression and e The storage requirement for storidg*—! and D!
noise removal. However, they are specifically appealed for is not more than that af'.

extraction of high detailed features in fingerprint and iris
recognition[3], [7] and [8]. To date, mostly Haar wavelets
have been considered. We introduce an alternative multires-
olution approach based on quadratic B-spline wavelets. We can recursively decompose the original signal
1.1 Wavelets and Multiresolution to C',C*!,...,Cc"! and detailsD!, D't ... D!
Multiresolution operations are specified in terms of the fil- Wherel < n. The original signal’™ can be recovered from
ter matricesA”, B”, P" andQ". Consider a given dis- the sequence’, D', D'**, ..., D"~ known as avavelet
crete Signacn, expressed as a Co|umn vector. A |ower- transform Based on the properties mentioned abOVe the
resolution sampl€”~ is created by a downsampling filter total size of the transforn@’, D', D'**, ..., D"~ ! is the

onC™. This process can be expressed as a matrix equationsame as that of the original signal”. In addition the
required time to transforr™ to C!, D!, D+, ... D"~!

o=l — AnCm. 1) and vice versa is is a linear function of
If C™ represents a high-resolution approximation of a
The details D"~! lost through the down-sampling are curve, thenC! is a very coarse approximation of the curve
captured usin@": showing the main outline, anB? consist of vectors which
perturb the curve into its original path. As Figurel demon-
D"t = BrC™. (2) strates, if we eliminat®?, the reconstructed curve becomes

e C"~lis agood approximation fag™.

e The time required to decompose and reconstruct the
signal is linearly dependent on



much smoother but without any style. In fag¥’ can be where
considered asharacteristicof the curves. It is possible to

apply D to a new coarse curve to obtain a new curve but

with the same character( See Figure 1). ConsequeDtlgf A" —
different levels are important features for applications such ° —% 1
as iris recognition.

The matricesA™, B™, P" and Q™ form the core of
the multiresolution approach, and the efficiency of the 0
wavelet transform depends on the structure of these matri- A= o
ces. Specifically: banded matrices with repeated columns
result in more efficient decomposition and reconstruction
operations. (6)

B-splines are often chosen as scaling functions [5]. The
first order B-splines form a set of step functions and Haar A | o0 -1 3
functions are their associated wavelets [12, 13]. The result- e
ing matrix filters are very simple and efficient. However, 00 0 0
these scaling functions and wavelets are non-continuous. And the same block notation f@":

This is a problem when we have discrete data that is a

sample of smooth signals and objects. Higher order B- BY

splines and their wavelets can be considered for smooth B"=| B} (8)
signals [6, 5, 10]. A common knot arrangement for B- B?

splines of orderk is to have knots of single multiplicity where
uniformly spaced everywhere except at the ends of the do-

main, where knots have multiplicity, [9, 1], an arrange-

ment used for endpoint-interpolating curves and surfaces. B" —
The conventional definition of B-spline wavelets results in
analysis whose bands are much wider than those for Haar
wavelets.

We have introduced a new approach to construct mul- 0 0
tiresolution filters based aeverse subdivisioas described  gn _ 0 0
in [2] and [11]. Based on this approach, it is possible "
to obtain banded matrices for B-spline wavelets whose .
bands are narrower than the ones conventionally produced. (10)
In this paper we present filter matrices for one important
case, quadratic B-splines with the conventional knot se- .
guence.The local filters of quadratic B-spline has been con- B = [
structed based on Chaikin subdivision[4], for which the un- , ,
derlying scale functions are the quadrc[it%c B-splines. These A7 and A7 always have two rows for any. A; has

filters are obtained from the approach of [2] and [11]. How- different size based on the valuerohowever it always_has
ever, in this work, we emphasize on practical issues for ef- a regular structure. Elements of each row are obtained by
ficier’1t implement:ation shifting right by two positions of the elements of the pre-

Our local filters are described by matrix notation in Sec- vious row. Therefore applying\" to the high-resolution

n i B2 i
tion 2. Efficient algorithms for the resulting filters are de- dataC™ reduces the size of the datag=. In addition, the

scribed in Section 3. We show that how the resulting filters regularlty ofA; allows us to obtain a linear time algorithm

can be anolied to curves. imaaes and surfaces in Section 4 instead of matrix multiplication. The similar properties are
PP ' g ‘true for B”. The size ofD™ becomes”52 and again a lin-

ear time algorithm can be employed instead of the operation
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2 Filters by Matrix Notation

_ T - BrC™,
The pair of matriceA™ andB™, analysis filters, for decom- Using the blocked matrix notation for the synthesis filters
posing the signal™ into C*~' and D™~ are: P. we obtain:
A Py
A" = | A" @) pr— | P" (12)

An

€ €



where
1 0 0 0 0
P?le
i L 0 0 0
I 3
032 1 00
0+ 2 00
00 2 1090
Pr=1 00 1 3 0
00 0 % 3
000 ; %
pr— 000 2
... 000 0
And similarly for Q™:
Q¢
Q"= Q
’;L
where
0 0 00
5 0 00
I
R IR
4 4
0 -3 —1 0
B
002 -+ 0 o0
00+ -3 0 o0
000 32 —2 0
Q=000 L -2 o0
000 o 3 -1
000 o 5 -3
QZ:...ooog
000 0

Again we have a column regularity structure B} and

Q.

—_ N

(13)

(14)

(15)

(16)

(17)

(18)

(19)

3 Filters by an Efficient Algorithm

We show how an efficient algorithm can be made based on
the multiresolution filters in 2. For all algorithms we have
focused on doing just one step of decomposition or recon-
struction. Each algorithm can be used multiple times to
construct general wavelet transform. In all cagésepre-
sents the vector of high-resolution data,represent low-
resolution data and represents the detail vector.

The first algorithm iIREDUCE-RESOLUTION. In this al-
gorithm F'[1..m] is the input and the vectd? is the output.
The indexi traverses thé” and; traverses the’.
REDUCE-RESOLUTION(F'[1..m])

1 Ci=HF

2 Co=—-iF+F+3F—1F,

3 j=3

4 fori=3tom—>5 step2

5 Cj = —%Fl‘ + %Fi—i-l + %Fi_i,_g — iFiJ"?’
6 j=j+1

7 endfor

8 Cj:_iFm73+%me2+mel_%Fm
9 Cjp1=Fn,

10 return C[1..5 + 1]

The lines 1 and 2 in th&@EDUCE-RESOLUTION corre-
spond toA? matrix and the lines 8 and 9 correspondA@
matrix. The for loop represents the act of the regular block
A

The second algorithm EIND-DETAILS.
FIND-DETAILS(F[1..m])

1 Dlz—%F1+F2—%F3+%F4

2 Dy=—1F3+3F —3F; + 1 Fg

3 j=3

4 fori=>5tom — 5 step2

5 D; = iFi - %Fz‘H + %Fi+2 - in‘Jrs
6 j=j+1

7 endfor

8 Dj:iFm—?)_%Fm—Z"’_Fm—l_%Fm
9 return DI1..5]

For the reconstruction we employ the following algo-
rithm to evaluatée®™C + Q" D.
RECONSTRUCTIONCI1..r], D[1..s])

1 E;=0D;

2 BEy=1D,

3 E3= —%D1 + éDQ

4 E,= —§D1 + %D2

5 E5 - %DQ §D3

6 E6 == 71D2 - ZDS

7 7=7

8 fori=3tos—1

9 E; =3D; — iDi-H

10 Eit1= iD,- —
11 j=j+2
12 endfor

3
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E; s

Ej+1 Ds

n=C+E

F=31C1+3Co + By

j=3

fori=2tor —2
F;=3Ci+31Cia + E;
Fjp1=3Ci+3Ciy + Ejp
Jj=7+2

endfor

Fj = %Crfl + %Cr +E]

25 Fi1=0C+Ejn

26 return F[l1..j +1]

Lines 1 through 14 ilRECONSTRUCTIONmMake thek =
Q"D term. Lines 1 through 6 correspond @y and lines
13 and 14 are for the act @”. The for loop at the line 8
is for the regular bloclQ?. In the lines 1,E; has been set
to 0D; instead of) to have general algorithm that can work
for the data with any dimension induced BY. Lines 16
trough 25 make” = P"C + E. Again the term&®7, P}
andP? are distinguishable in the algorithm.

Note thatm the size of the high-resolution data is equal to
r + s. Itis clear that the running time of all three algorithm
are linear function ofn the size off".

4 Results

4.1 Curves

All filters and given algorithms are capable to apply directly

to the curves. For example for a 3D curkigcan be viewed

as a coordinate vector in the three dimensional Euclidean
space. The filters form valid operations in this Affine space.
Figurel shows an application of using quadratic B-spline
wavelets.

4.2 Images

Similar to Haar Wavelets, we need to apply simultaneously
one particular filter to all rows(or columns) of the image.
Figure 2 shows an example of the filters on an image.

4.3 Surfaces

The filters can apply just only for tensor-product surfaces

that can be parameterized with a rectangular domain. For

these kind of surfaces two sets of embedded curves,u-curve

and v-curves, exist on the surface. The filters can be used

for all the u-curves (or v-curves) simultaneously. Figure 3

only need to use regular filters (6),(10),(14) and (18).

4.5 Re-Sampling

A constraint on the number of input data is enforced by the
B-spline scaling functions. This is similar to that imposed
by the Fast Fourier Transform. In general, to achieve a de-
composition without any excess points, we require the size
of high-resolution data to be a value = 2* + N, where

N is a small constant associated with the multiresolution
scheme used. For the quadratic B-splivie= 2. An obser-
vation on the recursive structure of the filtering leads us to a
less rigid constraint: for a decompositionidévels,m may

be of the form2'k + N. Once the ideal number of points
is known, the input data should be uniformly re-sampled to
that number.

5 Conclusion

We described a set of new local filters of quadratic B-spline
wavelets. An efficient algorithm for each filter operation
was presented. We would like to explore the impact of these
filters on iris recognition as a future work.
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Figure 3: Victor Hugo Surface: (a) The original

direction, (c) The reconstructed with D*.
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